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CHAPTER 5

SPECIAL FUNCTIONS

1 functions are particular mathematical functions which
e re or less established names and notations due to their 1m-
" ace in mathematical analysis, functional analysis, physics, or
pot

_ner applications.

aave mo

Gamma function o
\{any important functions in applied sciences are defined via 1m-

sroper integrals. Maybe the most famous among them 1is the
Gamma Function.
The gamma function is defined by

T(x)= e~ t* 1d1 )
0
Lett =s*, then dt=2sd 5. So by substituting in eq. (1) we have
1"(x).—.2je"2 s¥'ds 2)
0

EXAMPLE 1»
Prove that
(iy T()=1.Gi) T(2)=1
SOLUTION

(i) Formeq. (1), [(1)=[e™ d1 =[-e" ] =1.

0

o0

(i) r'(2)= ]e_' : d ¢ (using integration by parts)
0
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u=t ) dv= (,’“, dt

du=dt : p=—e !
rQ2)= [— e 1\) + ch“’ dt=0+ [— e"r =

: N _
0

EXAMPLE 2p
Prove that [ (x + 1) =X F(,\') (3)
PROOF:

M+ 1) = _fe—' t¥dt (using integration by parts)
0

u=r" , dv=ed:

du=xt*"1d¢ , y=-—e
oo
I{x+1)= [—txe_t:t; + e dr=T(x)
0
For any integer n,

T(n+1)=nT(n)=n(n-1)C(n-1)
=n(n-1)(n-2)T(n-2)

=n(n=1)(n-2)  (2)OTQ)

So,I'(n+1)=n!

EXAMPLE3 D

o o )
Evaluate [¢™* x>?dx , given that (r'(0.1)=9.513

0

o
n

)
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paring the integral with the integral (2)
?oom:;gn——l = n=3.1.50
. 2

1 1
" 324 x==T(3.1)==(2.1) (2.1
2 52dx=1T3.)=22)rC)
0

=%(2.1)(1.1)1‘(1.1)

= %(2.1)(1.1) (0.1)r(0.1)
=%(2.1)(1.1) (0.1)(9.513)=1.1
EXAMPLE 3p
r(e) _ 5
2)

= = 30
2T (3) 2x2!

5 31 1
(3) 337
" 2) 22

e ——

_3
1 1 4
T 5) r(zj

c) _1_—%)_61_”3(_)2__@ - (4.5)(32.;)1235)1“ (2.5)
or(3) -@M{
d) ;@ - Sr(ij
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EXAMPLE 4p

)
2) —-x .
Find f (l - 2x ) e " dx

Q0
SOLUTION
oo " 2 R
I = _[(1 - 2.\") et dx

0

o0

0

oo

0 - 0
=(1)-4T@3)+41(5)
=1-4(2!)+4(4!)=89

EXAMPLE 5»
Prove that

SOLUTION

By using the second formula (2) of gamma function

I"(x): Ie-t tx"ldt
0

] N\ o
(3)efea
N 0

= (I —4x2% +4x° )e_x dx
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R e S —

r(lj = QT.\' e xdx = 2Te'x2d X
0

7
0

—

r | —

)=2Tc“"z dx =2]ﬂe""2 dy .
0

0

Let[ = 1’(

I*= 4]; ]:e-(":ﬂ:) d x dy
00

Using polar coordinates (r,8) we have
zf2

I*=4 ] Te"zrdrd9=—2[_|' dé’}(e"z):
0 0 0

==2(0-1)(x/2)=x

1
r(-z-) =z
In case of the negative number,
cT(+1)=xT() = r()=L&Er)
X
EXAMPLE 6>

Calculate [ 37 dx
0

SOLUTION

e Je
0

00

eln(B)'hzdx =J.€-4X2m(3)dx
0

Putu =4x2In3 = du =8(In3)x dx

Ot § Ot 3
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) ChupterS - Special Funcions
2
dr = 1 2./In(3) du
81n(3) J,T
2‘\/11'1 J‘ -1/2 —u dLl
81n(3) 0 4 /1,1
So, the last integral is now
. 1—(1)2 V7
4In(3) \2/) 4/n(3)
EXAMPLE7p
|
1
C(l l(t d.'
aiculate -(l;\/:]nx X
SOLUTION
tet ~lix =f = =g = dx =—e ™" dt
Limits: as x = 0%, t==Ilnx — e, x =1 t=0
Thus,
1 e " e
dx =—[6=dr = [t7e™ dt =T (4)=r
'o!‘\/—lnx i\/f_ '([ %)
EXAMPLESM

oo

Calculate Ie ke \/}— dt

0
SOLUTION

=T0"k'\/r—dt
0
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S

ki = t=x/k = dt =dx /)

of =
1 ’_a‘\_,_,.)(), x =0 and I —oo,

—) 00

cYAMPLE 9>

Evaluate, F(— 1) and T (— -5-)
2 2

SOLUTION

1N _Tr@2)
i —;)— _1/2 ——2‘\/;1'—

U S\_T32) Ty s
j B W Y R A

\ -

7

)
EXAMPLE 10»

Prove that Z"F(n + %) = (1)(3)(5) (271 - 1) N

SOLUTION '
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e d)=n-n@n=3)E)BON
\
orem: The complement formula

4 (4)

S
— et

sinag X
| — x are not negative or null integers,

The
)= x):
Where v and

Graph of Gamma Function
T (x) for a range of +ve values of x are available in taby.

Values O
1ated form as in table 1.
X | T() X ')
0.25 13.6256 2.75 1.6084 )
0.5 1.772 3.00 2.00
0.75 1.2254 3.25 2.5493
1.0 1.00 3.50 3.3234
1.25 0.9064 3.75 4.4230
1.50 0.8862 4.00 6.00
1 1.75 0.9191 4.25 8.2851
' 2.00 1.00 4.50 11.6318
’j 2.25 1.1330 4.75 16.5862
,Lz.so 1.3293 5.00 24.00 |

These together with the results established above , enable us t0
draw the graph of y = T' (x)
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Gamma Function

An analytic approximation for I'(z), can be obtained by using

Sarling's approximation.

ol-

Tx)Tx

e"‘x/2_7;(1+ 1 1 139 571 )

-+ _— —
12x  288x? 51840x> 2488320x°

Thus, for any real x >0, the function I'(x) interpolates continuously
berweensuccessive values of »!, and so generalizes the factorial
function to non-integralvalues of . For obvious reasons the gam-

ma function is sometimes called thefactorial function.

[H¢BETA FUNCTIONP
Another definite integral which is related to the I” function is the
Beta function ﬁ ([) , q) which is defined as

1 -
ﬁ(m,n)= jx”"] (1- x)" b d x (5)
0

There are propcmcs and many other forms of Beta function
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THIOREM 1P

i) = ',"?(,'7 .m ) (6)

s ) ‘s {
s ’ ‘ e
-

-

Sim.n)=2]sin"""@cos?' 0d O (7)

O

PROOF

Let x=1=) = dx=-dy.
At x=0 — O=1-Yy = y=]1
Similariy, at X = — y=0
Substnuting in ¢q. (9)
n)= l 0 .\‘)"_l d x

dx=72sin@ cos@ db.

— 0O=sin‘8 = 6=0

Ar x=0 =
. 2 T
se xr =1 — l=sin“@ = 0=
2
Substituung in eq. (5)

/6'!’11: I ) = 1' .v’.'""—l “ - .l')"'_l d x
0
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B

/,

following theorem represents the relation between Beta and
.ahe O .

L, ,mma functions

U

THEOREM 2>
r'(m) T (n)

— @
F(m+n) ®)

Blm, n)=

PROOEF: .
By using the second formula for Gamma function (eq. (2)).

e (x24y2
Lm)T(n)=4] [x*™" y2rle ( j dxdy
00
Changing into polar coordinates
n
2 % -1 2
L(m)r(n)=4 j j (rcos8)™ ™ (rcosf) ‘e drd®
=0 r=0
i 2 i
:(2! r2(m+ﬂ)—le—r2 dr} (2 j Coszm-l 0 Sin_n—l 9 (19
0 0
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=T (m+n) f(n,m)

EXAMPLE 1>

.’.-1'4 (l _-")‘1 dx = l[)'(5.4)

_ ) rE)_@y) @) 1

r(9) 8 ! 280
EXAMPLE2>
s

~x“dx
Evaluate

gVE—x
SOLUTION
Letx=2y = dx=2dy
Atxr=0 — 0=2y -y _
pr=2 = 2—2y = y=I

_ I'(3) r'(1/2)
Jﬁﬁ@ ) w2 r(7/2)
2!I(12) 642

= ) ) TR - 15
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C}:ﬂﬂt —— e —
_,/
23
.E
WP 2
A 9 vy dy
1\ 4 — ) 4 )
. ['\ \a
0
IN [
lﬂk : - y =a~NX
:‘:",\'
\ \
fa-l'-\' 2dx
Y="12
a 2 2 12
L, E_vidy =—j(a2x) a’*—a’'x x"dx
iya -y 475
=|y ¥ 0
el 112
_L‘.‘-“-(l——x) dx

y 3) o T(5/2) T(3/2)

=‘;'P°§’5 "2 T4

£7(32)(1/2) r(1/2)][(1/2)r(1/2)] at 7
=? 31 16
EXAMPLE 4b-

Exdluzre rfsin4 fcos’0d 6

S'JU-'TIOON

‘<1~ 5 ~
=4 2125 s m=2, n=3
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S

sEm 8

(2)(© fﬂ 2)(52) I(5/2) 315

EXAMPLE 5>

sin®@ d @

Evaluate

= e VI

SOLUTION
2m=1=6, 2n-1=0 =:>m=—;- , nzé
NG
[=E|)sn 0do= ,6’(2 2] 2I‘(4)
_G 2)(3/7)(1/2)75_571'
2)3)@)@) 32

EXAMPLE 6>

T a4
Evaluate [cos™ @ d 6
0

SOLUTION

SRS

T A
I={cos*6 d@=2[cos*0 d 6
0 0

n=

m]—-
o |

2m=1=0 ,2n-1=4 = m =
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b R = —Jr
~1 ‘ 7
\\ﬂ e 2 T
[ tant dt= "
1{ b —
o ON
ol o !

tanf d
\

¢~ ar= j sin2tcos 2t dt

<

z 0
1 -~ 1-— _1_ Dm—é- n—l
_oj=o s ARTET g 4’ 4
3 1
20| =
/31 11{4) [4j=1 (l]rii)
:f,ﬂ\:-l’j—z I“(l) 2 \4 4

LI AMPLE 8

1
fovethat [
0

27
SLUTION
- ! _—
..".'Y-):i:y - x=y3 — ‘ii‘:=_3_.\, .)‘l'v
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